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Let X be a finite group and A be the set of all 4-subgroups of X. Join two 
elements of A if they commute elementwise. If the graph obtained is 
connected, we say that X is connected. 
The purpose of this paper is to prove the following theorem: 
THEOREM A. Let G be a simple group with a nonconnected Sylow 2- 
subgroup S of rank at least 3. Then one of the following possibilities holds: 
( 1) S is of type J, , the Hall-Janko group, 
or 
(2) The centralizer Co(z) of a unique involution z of the center of S is 
of (2.)component type. 
We also show: 
COROLLARY A. Assume the condition of the Theorem A. If the 
nonsolvable composition factors of the proper subgroups of G are of known 
type, then the first possibility of the theorem always occurs. 
The structure of G with a Sylow 2-subgroupof type J, may be obtained if 
one constructs a signalizer functor as in [4; the result of Ref. 4 is not used in 
this paper J 
Notation 
44 
r(X) 
the maximal rank of the elementary abelian 
2-subgroups of X, 
the maximal rank of the elementary abelian 2-sections 
of X, r(X) is called the sectional rank of X; 
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Inv(X) the set of all involutions of X; 
X--Y x is conjugate to y; 
R*Q the central product of R and Q; 
T is of type X T is isomorphic to a Sylow-subgroup of X. 
1. ASSUMED RESULTS 
THEOREM 1.1 (Glauberman [2]). Let G be a finite group and t be an 
involution of a Sylow 2-subgroup S of G. If t is not conjugate in G to any 
element ft of S, then (t) O(G) is normal in G. 
THEOREM 1.2 (Alperin-Goldschmidt [ 1, 31). Let G be a finite group 
and S a Sylow p-subgroup of G. Let !9 be the set of all subgroups D of S 
with the properties : 
(1) N,(D) is a Sylow p-subgroup of N,(D); 
(2) D is a Sylow p-subgroup of O,,,,(N,(D)), 
and 
(3) C,(D) z D. 
Then g is a conjugation family for the elements of S. 
THEOREM 1.3 (Thompson). Let G be a finite group and S a Sylow 2- 
subgroup of G. Let T be a maximal subgroup of S. Then every involution t of 
G is conjugate in G to an element xI of T provided G has no normal 
subgroup of index 2. Moreover, we may choose x, such that C,(x,) is a Sylow 
2-subgroup of C,(x,).' 
THEOREM 1.4 (Thompson). Let P be a p-group. Then P contains a 
characteristic subgroup C satisfying the following properties : 
(1) C is of nitpotent class at most 2; 
(2) C/Z(C) is elementary; 
(3) [P, C] c Z(C); 
(4) C,(C) = Z(C); 
and 
(5) LGCl~ If or all automorphisms x of P of order prime to p. 
’ The latter part of the theorem was noted by Goldschmidt, Yoshida, and Schiefelbusch. 
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THEOREM 1.5 (MacWilliams IS]). Zf a 2-group S does not possess a 
normal elementary abelian subgroup of order 8, then every subgroup of S is 
generated by at most four elements. 
2. PRELIMINARY RESULTS 
Lemma 2.1. Let R be a nonconnected 2-group. Then the following holds: 
(1) The center of R is cyclic; 
(2) R does not contain an elementary abelian normal subgroup of 
rank greater than 2; 
(3) R contains a 4subgroup not contained in any abelian subgroup of 
R of rank at least 3, and; 
(4) R is not isomorphic to D, * D,, g QB * Q2”. 
Proof Assertion (1) is trivial. As for (2), show that every 4-subgroup of 
R is connected to one in A if A is an abelian normal subgroup of R of rank 
at least 3. To show (3), pick a normal 4-subgroup U of R, since if U does 
not exist, (3) is trivially true. Every 4-subgroup contained in an abelian 
subgroup of rank at least 3 will then be connted to U. Assertion (4) follows 
from (3) directly, since every 4-subgroup of D, * D,, is contained in a 
subgroup of the shape D, * D, all of whose 4-subgroups are contained in 
elementary abelian subgroups of rank 3. 
LEMMA 2.2. Let R be a nonconnected 2-group. Then R does not admit 
an automorphism of order I. 
Proof Suppose false and let X be an automorphism group of order 7. By 
Theorem 1.4, R contains a characteristic subgroup C satisfying: (1) 
cl(C) < 2; (2) C/Z(C) is elementary; (3) [R, C] c Z(C); (4) C’,(C) = Z(C), 
and (5) [x, C] # 1 for every automorphism x of order prime to 2. 
By (3) and (5), C contains a normal subgroup D of R such that 
D 2 Z(C), D/Z(C) g E,, and [D, X] # 1. We shall argue that D is abelian, 
which will yield a contradiction by (2) of the previous lemma. Put 
Z(C) = (a, 6) and d = D/(a). Clearly d = [D, X](6) and (6) n [D, X] = 1. 
Considering D/(b) also, we obtain D = Z(C)[D, X]. Since [D, X] z E,, D is 
abelian as desired. 
LEMMA 2.3. Let D be a nonconnected 2-group possessing two distinct 
normal 4-subgroups. Then the following holds. 
(a) D = E * F, E ? D,, F cyclic, generalized quaternion, or 
semidihedral, and; 
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(b) If 1 D ( > 8, then D = Q * R where Q G Q,, R cyclic, dihedral, or 
semidiheral. 
Proof: Let cl, U, be normal 4-subgroups of D. As D is nonconnected, 
UU, z D,. Set E = UU,. Then D = E * F, where F = C,)(E). Clearly F 
cannot possess a nomal 4-subgroup and so F is cyclic, generalized 
quaternion, or semidihedral by (4) of Lemma 2.1. Hence (a) holds. 
Suppose D & D,. Then D contains a normal subgroup E, 2 E such that 
E, ? D, * Z, r Q8 * Z,. Thus D = Q * C,)(Q). The structure of C,>(Q) 
follows easily since F/Z(E) E’ C,)(Q)/Z(Q). Putting R = C,)(Q), we obtain 
the lemma. 
LEMMA 2.4. Let D be a nonconnected 2-group possessing two distinct 
normal 4-subgroups. If D & D,, then D cannot be a Sylow 2-subgroup of a 
simple group. 
Proof Let G be a finite group possessing a Sylow 2-subgroup D 
satisfying the condition of the lemma. Then by the previous lemma 
D = E * F, where D z D,, F cyclic, generalized quaternion, or semidihedral. 
As is easily seen, the involution z of Z(D) is the only involution of D which 
is a square and z is also a square in C,(t) for every involution t of D. 
Clearly then z is not conjugate in G to any involution of D -Z(D). This 
proves the lemma by Theorem 1.3. 
LEMMA 2.5. Let D be a nonconnected 2-group possessing an 
automorphism of order 3. Then one of the following holds: 
(1) D = Q * R, where Q z QB, R cyclic, dihedral, or semidihedral, 
or 
(2) D possesses a unique normal four-subgroup U and all four 
subgroups not contained in C,(U) are conjugate in D. 
Proof Let x be an automorphism of order 3. If D contains more than 
one normal 4subgroup, then the lemma holds by Lemma 2.3. So we assume 
that U is a unique normal 4-subgroup of D. By Theorem 1.4, D contains a 
characteristic subgroup C with the following properties: (1) cl(C) < 2, (2) 
C/Z(C) elementary, (3) [D, C] E Z(C), (4) C,(C) = Z(C), (5) [x, C] # 1. 
As D is nonconnected, m(Z(C)) < 2. Assertion (4) implies Z(D) E Z(C), 
and so [Z(C), x] = 1. Let Q be a minimal x-invariant normal subgroup of D 
such that [Q, x] # 1. We may choose Q so that Q/Z(Q) z Z, x Z, and 
Z(Q) E Z(C). Clearly .Q’ is nontrivial and cyclic. Let Qb = [(x), Q]. Then 
Q, is nonabelian, Qo/Qb E Z, x Z,, Qb cyclic, and Qb g Z(Q). We conclude 
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Q. z Q8. Hence Q = Q, * R,, where R, = C&Q,). R, must clearly be 
abelian and hence R, =Z(Q). Suppose that R, is cyclic. Then Q= Q, by 
minimality of Q and so the first alternative of the lemma holds in this case. 
Suppose next that R, is noncyclic. Then R, z Z, X Z, by nonconnectivity of 
D and minimality of Q. Hence Q E QB x Z,. 
Let R, = C,(Q/Q’). Then (x, D)/R , E A, and R, = Q, * C,,(Q,). We 
shall argue that C,!(Q,,) 2 D,. Suppose false. Then C,,(Q,,) contains a 
normal subgroup U, of D isomorphic to Z, x Z,. From the structure of 
Q,U,, it is immediate that D is connected. This contradiction shows that 
R, g Q, * D,. We have thus shown that IDI = 128. We need to show that all 
4-subgroups not contained in C,(U) are conjugate in D. 
Set X = D(x) and Y = C,(U). Then IX: Y] = 2. Moreover, Q Q Y and 
Y/Q zA,. Let D, = C,(U). Then JD, ] = 64, Z(D,) = U and x acts fixed 
point free on 0,/U. Let U = (z, u) with z E Z(D). Then Q/(u) g Q, and 
(u) 4 D,. Hence D,/Uz E,,. Let V be a 4-subgroup of D not connected to 
U. Then V= (u, z) and u E D - D, . Moreover CDl(u) is cyclic or 
generalized quaternion. It is now easy to conclude that C,,,,.(v) z 2, x Z,. 
Since C,(v) = (z), all involutions of D, - D are conjugate to U. This 
completes the proof. 
We need the following result concerning a nonconnected 2-group S which 
is embedded in a finite group as a Sylow 2-subgroup. 
LEMMA 2.6. Let G be a Jnite group and S a Sylow 2-subgroup of G. 
Assume that S is nonconnected and of rank at least 3. If 3 divides the order 
of NG(U)/CF(U)for a normal 4-subgroup U of S, then S is of type J,. 
Proof: Put T = C,(U), N = NJT), N = N/O(N). Since N,(U)/C,( U) z 
S, by assumption, 3 divides I#(. For simplicity of notation, we assume 
O(N) = 1, since the structure of S will be determined within N. We have 
r(S) < 4 by Theorem 1.5, N contains a subgroup N, such that N,/T? S, 
and an element x of order 3 of order 3 of N, permutes the involutions of u”. 
Let V be a 4-subgroup not connected to U. Then V = (u, z) where 
z E U n Z(S) and v E S - T. As u 6? OJN,), u inverts an element x, of 
order 3. Without loss we may assume X=X,. Thus (x, v> z S,. Since 
Q,(C,(o))= (z) and (x, z] # 1, x acts fixed point free on T. Hence 
cl(T) = 2. Moreover, T/@(T)% E,, as otherwise T’ would be cyclic and 
[T’, x] = 1. Let Z = Z(T). Then Z 2 Z,, x Z,, and so C,(v)z Z,,,. In 
particular, all involutions of (u, Z) - Z are conjugate to v. Hence C,,,(v) is 
covered by C,(v). As C,(u) is cyclic or quaternion of order 8, we have that 
n= 1 and T/Z=-,,. 
Since m(T) = m(S)> 3, T-Z contains an involution. Fixed point free 
action of x on T implies that TI A E E,,. C,(c) 2 Qx forces that 
A n A” = Z and so T = AA”. Hence T(x j is a split extension of E ,,, by A,. 
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We can now conclude that T is of type L,(4) and S is of type J,, since the 
structures of T, S are unique.* 
3. PROOF OF THEOREM A 
In this section, the following theorem will be proved. 
THEOREM A. Let G be a simple group with a nonconnected Sylow 2- 
subgroup S of rank at least 3. Then one of the following holds: 
(1) S is of type J,, 
or 
(2) The centralizer C,(z) of a unique involution ‘z of Z(S) is of 
(2-)component type. 
Throughout the rest of this section, we assume that the group G satisfies 
the assumption of Theorem A. In particular, S is not of maximal type and so 
S contains a normal 4-subgroup. 
DEFINITION. (i) U is a normal 4-subgroup of S and (ii) T= C,(U). 
LEMMA 3.1. The following condition holds : 
(1) U is a unique normal four-subgroup of S, 
and 
(2) IS: TI = 2 and m(S) = m(T). 
Proof: Suppose that S contains an another normal 4-subgroup U,. Then 
UU, z D, as D is nonconnected. Hence a contradiction is reached by 
Lemma 2.4. Since Z(S) is cyclic, 1 S: T( = 2. Let A be an abelian subgroup 
of S of maximal rank. The either m(A n T) = m(A) or m(C,(U)U) = m(A) 
holds. Thus (2) holds. 
DEFINITION. (i) z is a unique involution of Z(S) and (ii) T is the set of 
all 4-subgroups of S not connected to U in S. 
LEMMA 3.2. Let V E F. Then V = (v, z) with v E V- T and 
C,(v) z Z, X Z,, or Z, X Q2,,, for some m > 2. Moreover, V is conjugate in 
G to a 4-subgroup of T. 
Proof: We have V& T. Let v E V- T. Since m(C,(v)) = 2, C,(v) is 
cyclic or generalized quaternion. Since S is not of maximal class, the first 
part of the lemma holds. As G is simple, Theorem 1.3 implies that v is 
’ For a quick proof see Lemma IV-2.5 or II-2.4(iv) of Gorenstein-Harada, #147 of AMS 
Memoirs. 
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conjugate in G to an element x E T such that C,(x) E Syl,(C,(x)). Let g be 
an element of G with the property: 
v” = x, C.s(V)R E C,(x)* 
As z is a square in C,(v), zp E C,(x) and so V” c T as desired. 
DEFINITION. Let g be the set of all subgroups D of S satisfying: 
6) N,(D) E SYW,(D)); 
(ii) C,(D) s D; 
(iii) D E SylJO,,,,(N,(D)). 
By Theorem 1.2, D is a conjugation family. We next prove: 
LEMMA 3.3. Let V E 7”‘. Then there exists D E 9? such that: 
(1) V”, Vgh c_ D for some g E G, h E N,(D) with VK E Y, Vgh @ Y, 
and 
(2) V is conjugate in G to U. 
Proof: By Lemma 3.2, V is conjugate to a 4-subgroup of T. Hence there 
exists D E g, g E G, and h E N,(D) satisfying (1). 
To prove (2), we drop g of Vg for simplicity of notation. Since U is 
characteristic in S, the set F is normalized by N,(S) and so D # S. Put 
N = NC(D). We have z E D, as N is 2-constrained. Since V is not connected 
to Vh in S, Z(D) is cyclic and so z E lJ,(Z(D)). [U, D] c (z) implies US D. 
Put N= N/O(N). Lemma 2.2 shows that 7 does not divide the order of R. 
If 5 divides izl, then U is not characteristic in D and hence D s D, * Q8 by 
Lemma 2.3. Clearly all five 4subgroups of D are conjugate in N. Therefore 
we may assume that 5 or 7 does not divide II]. Hence 3 must divide lfl]. If 
U is a unique normal 4-subgroup of D, then N acts on the chain 
D 3 C,(U) 2 1. Lemma 2.5 now shows that V is conjugate to Vh in D, 
which violates the choice of V and Vh. Therefore U is not unique and so 
D s Q, * R, where R is cyclic, dihedral, or semidihedral. -- 
By our present assumption, N/D E S,. Let FE Syl,(N). We may assume -- 
IQ, PI = e, [R, P] = i, and NFms@r) E Syl,(Ns,@)). V # Vh implies V If R 
and m(C,(v)) = 2 forces that R is not semidihedral. There exists a unique 
normal cyclic subgroup Z of R or order 4 such that Q * Z 1 V. We may 
assume R ? D, and R 2 U as otherwise Us Q * Z and so (2) of the lemma 
follows immedately. Thus D z Q8 * D,. 
If E is the inverse image of N,~<~) in S, then ED = Q1 *R, with 
Q’GSD,~ or Q,6. Put T= N,(R) and T, = N,(T). We argue that T, = S 
and /S: TI = 2. By the structure of ED, we have T = Q’ * R with Q2 z SD,, 
or Q,,,, n > 4. Since T possesses at most two conjugacy classes of subgroups 
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isomorphic to Q, * D,, the structures of N,(D) and of N,(R) force that 
IT, : TI = 2, Q* Z Q2", Z(T,/(z)) 2 Z, x Z, and and T,/WR z D2”-,, where 
W is a unique normal cyclic subgroup of Q* of order 4. Pick t E T, - T and 
R, c WR such that R, E D, and R, d T, . We may assume that t2 E (z) and 
((3 R,h (t, CAR,)) are both of maximal class with C,(R ,) 2 Q’ g Q,“. Since 
T,/(z) is generated by all elementary abelian subgroups of order 16 of 
T/(z), T is characteristic in T,. Hence S = T, as desired. As m(S) > 3 and 
~(7’) = 2, we may assume that t is an involution. Thus the structure of S is 
uniquely determined. One computes directly that all involutions of S - T are 
conjugate in S to t and C,(t) = (t, U) z E,. If t is conjugate to z in G, then 
the fusion will occur in NG((t, U)) also. We then conclude that 
NcA(tr U))IOV,((t~ U)> g E,%(2), and hence S must contain a subgroup 
isomorphic to D, * D,. Since this is not the case, the fusion t - z will not 
occur. By Theorem 1.3, t must be conjugate in G to U. Since V is conjugate 
into C,(U) in G, V is conjugate into (t, U). Clearly then V- U in G, as 
required. 
PROPOSITION 3.4. If the involutions of U are conjugate in G, then S is of 
type J,. 
Proof By assumption, u is conjugate in G to z. If ug = z with Tg c S, 
then Tg = T as U is a unique normal 4-subgroup of S and U = 52 *(Z(T)). We 
conclude that NG(U)/CG(U) z S,. Lemma 2.6 is now applicable to conclude 
that S is of type J,. 
In view of the previous proposition and the formulation of Theorem A, we 
henceforth operate under the following hypotheses : 
HYPOTHESES. Not all involutions of U are conjugate in G, and C,(z) is 
not of component type. 
We shall show that S is again of type J, under the present hypotheses. 
Since V= (v, z) is conjugate to U in G by Lemma 3.3, we immediately con- 
clude : 
PROPOSITION 3.5. All involutions of V - {z) with V E Y are conjugate 
in C,(z) to 24 E U- (z}. 
DEFINITION. H = C,(z), I? = H/O(H), and D = S 1’7 O,,,,(H). 
LEMMA 3.6. D z D, * Q8. 
ProojI Since S g H and V- U in H, we have that Z(D) is cyclic. As H 
is 2constrained, D 2 U and so D contains all V E Y. D has to possess an 
another normal 4-subgroup, and so Lemma 2.3 shows that D = Q * R, where 
Q E Q,, R cyclic, dihedral, or semidihedral. By way of contradiction, 
assume that R # D,. 
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-- 
We have H/D 2 S,. Since V is conjugate to U, VG Q * 2, where Z is a 
unique cyclic normal subgroup of R of order 4. m(C,(v)) = 2 implies that R 
is not semidihedral. Since m(D) = 2, there exists an involution s E S-D 
such that Is, U] = 1. The element s normalizes Q and R as both groups are 
characteristic in D. (Q, s) must be semidihedral of order 16 by Lemma 2.4. 
If R is cyclic, then s may be chosen to be conjugate to z in G. We then 
have IS1264 and IN,(A):AI=4, where A=C,(s)=(s,u,z)zE,. S 
possesses precisely two classes of 8-groups (g E,,) and they are not 
conjugate in G by Theorem 1.2. Therefore exactly five elements of A are 
conjugate in N,(A) to z, which is clearly impossible by the structure of 
GL(3,2). 
Suppose next that R is dihedral (of order >16). If R, = (s, R) is of 
maximal type, then for every involution r E R - {z) we have (r, z) E Y, as 
C,s(r) z Z, x Q8. However, (r, z) is not conjugate to U in H. This 
contradiction shows that R, possesses a normal 4-subgroup (t, z). Clearly 
t E S - D and z is a square in C,(t). Let x be an element in D such that t is 
conjugate in G to x and C,(x) E Syl,(C,(x)). Since @(S) contains only three 
involutions z, UZ, and U, the fusion t -x must occur in H = C,(z). This is 
clearly impossible by the structure of H. This completes the proof. 
LEMMA 3.7. 
-- 
H/D z A,, S,. 
Proof. We first prove that 5 divides the order of fi. Suppose false. Then -- 
we have H/D z S, as Aut(Qa * D,) ? S, . We may assume that an element x 
of order 3 of H normalizes D? Q, and R= Cd@ E D, also. Let 
SE Nd(X)) - 0. Lemma 2.4 shows that s has to induce an outer 
automorphism on R(and on e). W obtain a contradiction, since R possesses 
a 4-subgroup not connected to U and not conjugate to U in H. Hence -- 
5/ IWD 1. 
It suffices to prove that H/D cannot be a dihedral group of order 10 or a 
Frobenius group of order 20. Suppose that this is the case. Pick an -- 
involution s E S-D normalizing a subgroup of order 5 of H/D. The 
element s is unique up to conjugacy in Aut(Qs * DR) g E,,S, and one 
computes that C,(s) = (z, u) 2 Z, X Z,. Therefore all involutions of S - D 
are conjugate to s in S. Since z is not conjugate in G to any involution of 
D - (z), we have s-z in G. Now consider a conjugation map from C,s(s) 
into S. Since both u and uz must be mapped into D, Z will be mapped onto 
itself. This contradiction establishes the lemma. 
PROPOSITION 3.8. S is of type 1?. 
Proof. Suppose first that H/D z A,. Since m(S) > 3. A, splits over D. 
Since there is only one conjugacy class of A,(and of S,) in 
Aut(Qg * 4) = E,,S,, the structure of S is uniquely determined to be of 
type J,. 
348 KOICHIRO HARADA 
Suppose next that H/D g S,. We shall show that H’ is of type J,. This 
will be the case if H’ - D possesses an involution. Suppose that there is an 
involution s in S - S n H’ such that s - z in G. Since 1 C,,,,,,(s)] > 8, we 
have that lC,(s)! > 8 and z is a square in C,(s). This implies that 
S n H’ -D contains an involution conjugate to z. Since z is not conjugate 
to any involution of D - (z}, the argument above together with Theorem 1.1 
show that H’ is of type J,. We can compute directly that all eight 
involutions of D - (z, u, UZ) are conjugate in S n H’. As VE Y is not 
connected to U in S, Inv(C,(s)) is contained in the set {z, U, uz}. Therefore 
C,(s) contains U or else C,(s) 2 Q8. From this and the fact that all 
involutions in S n H’ -D are conjugate in S, we easily conclude that no 
involutions of S - S n H’ are conjugate in G to z. 
Let A, B be two elementary abelian subgroups of order 1’6 of S, = S n H’. 
We have A -B in S,. The fusion pattern of z implies that A contains 
precisely 13 involutions conjugate in G to z and they are in fact conjugate in 
N,(A). This is clearly impossible, which completes the proof of our 
proposition. 
4. PROOF OF COROLLARY A 
Let G be a simple group with a nonconnected Sylow 2-subgroup S of rank 
at least 3. Moreover, we assume that S is not of type J, and the nonabelian 
composition factors of the proper subgroups of G are of known type. 
Theorem A implies : 
(*) If z is a unique involution of Z(S), then C,(z) is of component 
type 
Furthermore, (2) of Lemma 3.3 states: 
(**) If V is a 4-subgroup not connected to U, then V is conjugate to 
U in G, hence in C,(z) under our assumption. 
Put H = C,(z) and J? = H/O(H). By assumption, fl contains a quasi- 
simple subnormal subgroup L. Since Z(S) is cyclic, L is nonsimple. 
Suppose first that 1~ SL,(q), q odd, or a,, the double cover of A,. 
Nonconnectivity of S and the fact that U - V for all V E T in H imply that 
L is the unique component of g. Pick Q c S such that Q E Syl,(x) and set 
R = S n O,,,,(H). Since m(S) > 3, R is not of order 2. Therefore U c R * Q 
and so VC R * Q for all V E Y. As V is not connected to U in S, R is 
cyclic or dihedral. By the structure of Aut(L), S/R * Q C_ Z, x Z,, where Z, 
corresponds to a diagonal automorphism and Zg to the field automorphism. 
Let V/ET. Then VsZ*Q,, where Q, c Q with Q, E Q,, and Z is a 
unique cyclic subgroup of R of order 4. By a well-known property of the 
automorphism of J?, C,(Qr) covers the field automorphism part of S/R * Q . 
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We have C,<Q,>Q, =R, * Q,, where R, is cyclic or dihedral. We have 
shown ] S: C,(Q,)Q] < 2 also. 
We first assume that R, is cyclic. Then R is also cyclic and all involutions 
of R * Q - (z) are conjugate in H to U. Furthermore, only the coset 
corresponding to a diagonal automorphism contains an involution. Let 
s E Inv(S -R * Q) such that [t, U] = 1. Then (s, Q) is semidihedral, and so 
C,,,(s) = (s, U, z) z E,. Choose s to be conjugate to z in G and set A = 
(s, U, z). Argue as in the third paragraph of the proof of Lemma 3.6. A 
contradiction will be reached easily though the field automorphism may 
complicate the matter slightly. 
Next suppose that R, = C,(Q,) is dihedral. Then S/R * Q G Z, x Z,. We 
first assert that if x E Inv(S) and x is a square in S, then x = z, U, or UZ. 
Clearly such an element x is contained in (R * Q) n C,(U), which is of rank 
2. Hence the assertion. If R, #R, then pick an involution r E R, -R and 
r E R if R i = R. Pick a miximal subgroup M of S containing Q but not the 
involution r. If r is conjugate in G to an element x E M with C,(x) E 
Syl,(C,(x)), then one can conclude that the fusion r - x will occur in H, as z 
is a square in C,(r). The structure of H denies this possibility. 
Thus we have shown that for each of the two cases that R, is cyclic or RI 
is dihedral, G is not simple. Hence L & S,,(q), A,. 
Inspect the covering groups of the known simple groups of sectional rank 
at most 4 other than Z,(q) or a, to conlcude that they are of sectional rank 
precisely 4. Therefore il& J? and so VZ L for all VE Y. Hence the Sylow 
2-subgroups of L are nonconnected. We can conclude by inspection that 
L z Sp(4, q), q odd, is the unique possibility. The Sylow 2-subgroups of 1 
are of type Q, { Z, and so of rank 2. m(S) > 3 and ] Aut(L): (E)] = 2 force 
that H/Z(g) E Aut(L). Since there exists an involution s E S - (Sn H’) 
such that [s, U] = 1, we see that C,(V) z Z, x SDln+,. This shows that S is 
connected. This contradiction finally establishes Corollary A. 
Nofe added in prooJ (1) Conjecture A is a generalization of a result of M. Osima [see 
Theorem 3, Notes on blocks of group characters, Math. J. Okayama Univ. 4 (1955), 
175-188). (2) Conjecture A was recently shown to be true for all p-solvable groups by M. 
Kiyota and T. Okuyama [see A note on a conjecture of K. Harada, Proc. Japan Acad. Ser. A, 
57. No. 2 (1981, 128-1291. 
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